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The ar t ic le  d iscusses  the problem of the depletion of a round s t ra tum with a gasified liquid, 
in the case  of the work of a round bat tery  of boreholes  with constant end-face p res su res .  
The nonlinear differential equations describing the fi l trat ion p rocess  are replaced by finite- 
difference equations, which are  solved numerical ly  using a computer  program.  The condi- 
tion for  the convergence of the f ini te-difference scheme used is given. The proposed algo- 
r i thm is used to solve a concrete  example. By making analogous calculations for different 
var ian ts  of a given number of boreholes,  of the end-face p res su res ,  of the radius of the 
battery,  valuable information can be obtained with respect  to the i r  optimal values,  the time 
of the s tar t  of secondary methods of exploitation, the volume of gas dissolved in the pe t ro -  
leum, as well as the output of petroleum, which is easi ly calculated f rom the known values of 
the p re s su re  and the petroleum saturation at any given moment of time. 

Ar t ic les  [1-3] discuss  the problem of the depletion of a s t ra tum with a gasified liquid for the case of 
the work of a gallery,  as well as of a s traight- l ine bat tery  of boreholes.  Art ic le  [4] gives a calculation of 
the mean working indices in the case of the work of a round battery. 

The picture of the distribution of  the p re s su re  and the petroleum saturation in a s t ra tum in the case 
of the work of a round bat tery  of boreholes  is of great  theoret ical  and pract ica l  importance.  In the present  
ar t ic le  the problem is solved for the depletion of a round s t ra tum with a gasified liquid, using computer  
programming.  

It is assumed that it is desi red to exploit a round s t ra tum of radius r z with an impermeable  external  
boundary. The original  values of the s t ra tum p res su re  and the petroleum saturat ion are  equal to P0 and 
P0. On a c i rc le  of radius rl, concentr ic  with the external boundary, the re  is a r ranged  a battery,  perfec t  
with respect  to its degree of opening-up, and consist ing of n equally spaced boreholes.  At the moment of 
t ime t =0 the end-face p r e s s u r e s  of all the boreholes  are  instantaneously lowered to Pl, and are  subsequent-  
ly maintained unchanged. Starting f rom this moment, the plane fi l trat ion of a two-phase liquid s ta r t s  in the 
stratum, in the direct ion of the boreholes.  Due to the symmet r ica l  a r rangement  and to the maintenance of 
an unchanged p r e s s u r e  Pl, the whole s t ra tum is divided into n identical angular sec tors ,  each of which feeds 
a single borehole of the battery.  

The boundary of a sec tor  is impermeable  and consis ts  of two radi i  and a section of the external  
boundary of the stratum. A borehole located inside of a sec tor  works as a resul t  of the energy  of the gas 
dissolved in the petroleum. The central  angle, determining the sector ,  is equal to 2 v/n. F r o m  cons ide ra -  
t ions of symmetry ,  it is possible to consider  only one half of a sector .  This half of a sec tor  has a central  
angle equal to ~/n. We locate the origin of coordinates at the center  of the original  round stratum, and the 
x axis is directed through the borehole. The flow of the gasified liquid inside the last  sec tor  is two-dimen-  
sional. It is descr ibed by the equations 
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o--i" = m ~  - ~  Fp + - ~ -  Fp  

F = F i  + ~-lF~ (1) 

w h e r e  g~, g2 a r e  t he  v i s c o s i t i e s  of  the  gas  and  the p e t r o l e u m ;  F l,  F 2 a r e  t he  r e l a t i v e  p h a s e  p e r m e a b i l i t i e s  

of  the  gas  and  the  p e t r o l e u m .  

With in  the  f r a m e w o r k  of  a m i n i m a l  s e c t o r ,  the  i n i t i a l  and  b o u n d a r y  c o n d i t i o n s  of the  p r o b l e m  a s s u m e  

the  f o r m  

P = P o ,  p = p o w i t h t = . 0  
@/Or = 0, Oo/Or = 0 wi th  r = 0 

Op/Ocp = 0, 0p/0r = 0 wi th  r = 0 (r r r~) (2) 

Op/Ol = 0 ,  op/al = 0 w i t h ~  = ~/n 

p = p ~ w i t h r = r ~  ( q o = 0 )  

@/Or = O, Op/Or = 0 wi th  r = r~ 

w h e r e  q0 is  the  ang le  f o r m e d  by  the  r a d i u s  v e c t o r  of an  a r b i t r a r y  po in t  of  the  s t r a t u m  and the  p o s i t i v e  d i r e c -  
t i on  of  the  x a x i s ;  l i s  the  e x t e r n a l  n o r m a l  of  the  b o u n d a r y  of the  s e c t o r  with ~0 = ~r/n. 

It i s  r e q u i r e d  to f ind  the  so lu t ion  of the  s y s t e m  of  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  (1) wi th  the  in i t i a l  

and  b o u n d a r y  c o n d i t i o n s  (2). 

We go o v e r  to  p o l a r  c o o r d i n a t e s ,  u s i n g  the  f o r m u l a s  

x =  rcos tp ,  y = r s i n q ~  

We i n t r o d u c e  the  d i m e n s i o n l e s s  q u a n t i t i e s :  

R = r: P== P 0--= n kpo t 
' ~ o '  ~ q)' ~ = mi~ir~ "--'--~ 

(3) 

Then,  s y s t e m  (1) r e d u c e s  to  the  fo l lowing :  

aP _ B F P  R 0r - g B - 7 + - ~ - ' ~ q - - - ~ - \ ' ~ j  - t - -Z - -g -~ -~ j - - -~ko0~  + - 7  \ 00 } -f F O0 -Og 

o-T= ~ t-" L o R ' ~ + - ~  ~ f~ o R ~  + ~ L O O 3 +  F~ O0 00 

(4) 

with the corresponding dimensionless initial and boundary conditions. This system cannot be solved analyti- 
cally. Therefore, we use the method of finite-difference equations. We divide the original sector into 
small sector bands. Let the radius of the sector r 2 be divided into N equal parts with the spacing h =r2/N. 
If the points of the division are numbered in reverse order, they can be calculated using the formula 
r(i) =r2-ih (i=0, i, 2, ..., N). 

We note that the replacement of the variables r and q by the variables R and 0 using substitutions 
(3) maps the sector in which the solution of the system of equations is sought on an infinite sector band, 
bounded by another circle of radius R =i with a central angle 0 =1 and by two radii of infinite length. As a 
result of this, the boundary conditions with r =0 go over into the analogous conditions with R =oo. This cir- 
cumstance makes it difficult to take the given boundary condition into consideration. We correct this con- 
dition in the following manner. We calculate the points of division of the variable R i using the formula 

R ,  = r~/(r~ - -  ih) 

To a v o i d  u s i n g  the b o u n d a r y  c o n d i t i o n  wi th  R N = ~o, we r e w r i t e  t h i s  cond i t i on  a t  the  po in t  RN_ 1. Then,  the  
in f in i t e  r a d i u s  1 s R < ~ i s  r e p l a c e d  b y  the  f i n i t e  r a d i u s  1 -< R -< RN_ I. T a k i n g  the  c e n t e r  of the  s t r a t u m  
a s  the  c e n t e r  of  a c i r c l e ,  we d r a w  a r c s  of the  c i r c l e  with the  r a d i i  R = R  1. A s  a r e s u l t ,  t hey  a r e  e o r r e -  
s p o n d i n g l y m a p p e d o n t h e d i m e n s i o n l e s s  s e c t o r  band .  We note tha t  the  po in t s  of d i v i s i o n  of  the  d i m e n s i o n -  
l e s s  c o o r d i n a t e  a r e  a r r a n g e d  wi th  a v a r i a b l e  s p a c i n g  R i +  1 - R i  ( i = 0 ,  1, 2, . . . ,  N - l ) .  

We p a s s  on to  d i v i s i o n  of  the  r e g i o n  with  r e s p e c t  to  the  c o o r d i n a t e  ~v = ~ / n  into M equa l  p a r t s  with a 
s p a c i n g  A~v = 7r/nM. The c o r r e s p o n d i n g  s p a c i n g  A0 = I / M .  The  p o i n t s  of d i v i s i o n  ~v] and  0j (j =0,  1, 2 . . . . .  
1VD wi l l  be  u n e q u a l l y  s p a c e d ,  and  a r e  c a l c u l a t e d  u s i n g  the  f o r m u l a s  
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(P] --= ]AT, O] = ]A0 

We d raw the s t r a igh t  l ines  go = goj (j =0,  1, 2, . . . ,  M). They  have a c o r r e s p o n d i n g  mapping  in the d i -  
m e n s i o n l e s s  region.  As  a r e s u l t  of tak ing  combined  accoun t  of  the d iv i s ions  with r e s p e c t  to both the c o o r -  
d inates  go and r ,  we obtain sma l l  e u rv i l i ne a r  t r apezo ids .  The i r  apexes  a r e  the mesh  points  of  a gr id  r e -  
gion obta ined by  the i n t e r s e c t i on  of  the s t r a igh t  l ines  go =go.. and the a r c s  of c i r c l e s  with the rad i i  r = r  i. �9 j 
The se t  of  a l l  the apexes  of  the c u r v i l i n e a r  t r a p e z o i d s  f o r m s  a g r id  reg ion .  The subdivis ion  of the reg ion  
in which Eqs .  (4) a r e  given with r e s p e c t  to the  t ime  T iS c a r r i e d  out s t a r t i ng  f r o m  the spac ing  AT. The 
subsequent  va lues  of  the t ime ,  de t e rmin ing  the l aye r s ,  a r e  ca lcu la ted  us ing  the f o r m u l a  T k = k A T  (k=0,  1, 
2, ...). Subst i tut ing pa r t i a l  de r iva t i ve s  [1] into {4), and making  s imple  t r a n s f o r m a t i o n s ,  we obtain  its f in i t e -  
d i f fe rence  analog  fo r  e v e r y  in te rna l  point (Tk, Ri,  0j) 

(R~ -- Ri_,) (R~+, -- R~) (R, -- R~_t)~ + 

-~- Fij/~ R{+I -- Ri-I ~ Pig~ R~+I __ R~_I ~ Ri+, __ Ri_l '_ -4- 

-~-~[ Pii+Ik-2Pi~k-FPI'-Ik(AO) ~ ~-' \Fi~ F;'K pi'+lk-Pi~-lk2AO + -Pi~k' PiI+12~Pi]-tk) -Pi]+lk2A0-- A~ ]} 

[~  * ' i  *" ~i]/c /rt~ ~ Pi+lfl t  - -  P~Je P i je  - -  Pi-l ik -JC 

( ) I [ ]} F2iJ'~ ni+'--~ :Ri-'--~ "~i  R~+ 1 - -  ni_ 1 -~--~" (A0) 2 -~ F~fi~ 2A0 2A0 

(i = t, 2 ..... N - -  i; ] = t ,  2 ..... M - -  t; k = 0, t,  2;...) (5) 

The m e s h  point  at  which the boreho le  is loca ted  has the index n u m b e r s  ( i= m, j =0). A m o n g  r e l a t i o n -  
ships  (5), t h e r e  is none fo r  de t e rmin ing  the e n d - f a c e  p e t r o l e u m  sa tu ra t ion .  We c o n s t r u c t  it s t a r t i n g  f r o m  
the va lues  of  the p r e s s u r e  and the p e t r o l e u m  sa tu ra t ion  at the m e s h  points  (tk, r m ,  0), (tk, r m +l,  0), (tk, 
r m +  2, 0) and subs t i tu t ing  the  e x p r e s s i o n s  fo r  the pa r t i a l  de r iva t i ve s  [1] into the second  equat ion  of  (4) 

p(1)o~:+ 1 = O m o h .  --]- A'r ~ Rm~'F~molr Bm 2 Pm+20k - -  Pm*lO/~ 
Hm+2 - Rm Rm+2 - -  Rm+ J 

P m+lOk - -  Pmoh" ( F'~mok 

\ F~mok R m + l  - -  R m 

' p 

Rm+2 - -  ~ \ /~m+2 - -  R m + l  

Rm+ 1 - -  R m \ R m + l  - -  R m Rm+~ - -  Rm" \ /~m+2 - -  Rm+l  

, ]} 
F2mo~: (AO) ~ 

2 2 6  



Using the express ions  for  the part ia l  der ivat ives  of the components at the mesh  point (v k, R m, 0), 
s tar t ing f rom the values of the p r e s s u r e s  and the pet ro leum saturat ion at the mesh  points (t k, Rm_2, .), 
(r K, Rm_l,0), ffk, Rm 0) we obtain still another value of the petroleum saturat ion p {2 )  Since the~ 

, l 'n oK + 1" 
face is subjected to an effect f rom both right and left, the end-face petroleum saturat ion can be calculated 

Prn0k+l - -  t'.(1) ~- O(~2)k+].) / 2 - -  ~Vmo~+, (6) 

Linearizing system (4), we can obtain the condition for the stability of the corresponding difference 
scheme 

< rain ' 4F2 ax J J 

In ealculations of the spacing A~- and h in accordance  with the scheme (5), it is recommended to con-  
neet these conditions. 

The set of values  of the p r e s s u r e  Pijk and the pe t ro leum saturat ion Pijk for  every  moment of t ime 
~'k eharae te r i zes  the distr ibution of the p res su re  and the petroleum saturat ion over  the s tratum. The p ro -  
eess  of calculating these values is bound up with the need to c a r r y  out a large number of ar i thmetic  and 
logical operat ions.  This calculation p roces s  can only be ea r r l ed  out using an electronic  computer .  

The scheme set forth above was used to calculate an example (in a Ural-2 machine) with the following 
values of the s tar t ing pa rame te r s :  r z =600 m; h=100 m (N=6); A r  =0.36" 10 -2 (At=0.5  h); A0 =1/3 (A~0 = 
6~ or  M=5, n=6,  /~1 =0.0125 cP, ~2=2 eP, P 0 = I  (p0 =100 aim), P l=0 .6 ,  00=1, m=3.  

The empir ica l  functions F 1 and F 2 w e r e  taken in the fo rm 

F2 = 9 3, F1 = (t --9) ~ 

On the basis  of the numerical  resul ts  obtained, curves  of the change in the p re s su re  and the pe t ro-  
leum saturat ion as a function of the t ime were plotted for different points of the stratum. They are  shown 
on Figs. 1 and 2. The point of the s t ra tum with the coordinates  r=300  m and ~ =0 cor responds  to the end- 
face of the borehole.  On Fig. 1 the curve of the end-face p re s su re  coincides with the t axis, while the 
curve of the end-face petroleum saturat ion on Fig. 2 cor responds  to the coordinates  ~ =0, r =300 m (curve 
4). It can be seen that the end-face pet ro leum saturat ion va r ies  monotonically and has the greates t  value 
over  the whole depletion time, compared  with other points of the s tratum. The change in the p ressure ,  as 
well as  of the petroleum saturation, takes place monotonically at all points of the s tratum. 

Comparing curves  1, 2, 3, cor responding  to the points (0 m, 0), (200 m, 0), and (500 m, 0) on Fig. 1 
(for the petroleum saturat ion on Fig. 2), we find that, with increasing distance f rom the borehole along the 
s traight  line ~ =0, the p r e s s u r e  increases .  Calculations show that, with increas ing distance f rom the bo re -  
hole along the a rc  of a c i rc le  with its center  at the origin of coordinates,  the p re s su re  also increases .  
This is evidence of the fact that the change in the p r e s s u r e  around the borehole takes place funnel-wise; 
here,  the funnel does not have a round c ros s  section. The corresponding curves  of the petroleum sa tu ra -  
tion around the borehole are  a lso funnel-shaped. 

At points of the external  boundary of the sector ,  the change in the p re s su re  and the pe t ro leum sa tu ra -  
tion takes place with a definite lag. However, the smal l  dimensions of the sec tor  feeding a single bo re -  
hole makes it possible for the effect to be felt rapidly by the whole sector .  The point of the sec tor  furthest  
f rom the borehold (500 m, 30 ~ is subjected to the effect of the borehole approximately  10 days af ter  the 
ba t te ry  is put into operation. The rapid effect of the borehole on the whole s t ra tum can lead to an acce le -  
ra ted evolution of gas f rom the petroleum. To prevent  this phenomenon, it is desirable to make analogous 
calculat ions for each new deposit, before undertaking the solution of the problem of establishing the value 
of the end-face p res su re ,  of the number  of boreholes  in the battery,  of determining the time of complete 
depletion, etc. 

The resul ts  of the calculations show that, for the given example, complete depletion of a sec tor  (or 
of the stratum) takes place with 160 days af ter  the s ta r t -up  of the battery.  
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